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Abstract 

In this article, we study the homomorphisms between scalar gen- 
eralized Verma modules. We conjecture that any homomorphism be- 
tween is composition of elementary homomorphisms. The purpose of 
this article is to show the conjecture is affirmative for many parabolic 
subalgebras under the assumption that the infinitesimal characters are 
regular. 

§ 0. Introduction 

We study the homomorphisms between generalized Verma modules, which 
are induced from one dimensional representations (such generalized Verma 
modules are called scalar, cf. [1]). 

Classification of the homomorphisms between scalar generalized Verma 
modules is equivalent to that of equivariant differential operators between the 
spaces of sections of homogeneous line bundles on generalized flag manifolds, 
(cf. |22], [13, HZ], 0, and ng.) 

In [35], Verma constructed homomorphisms between Verma modules as- 
sociated with root reflections. Bernstein, I. M. Gelfand, and S. I. Gelfand 
proved that all the nontrivial homomorphisms between Verma modules are 
compositions of homomorphisms constructed by Verma. ([2]) 
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Later, Lepowsky studied the generalized Verma modules. In particular, 
Lepowsky ([?]) constructed a class of nontrivial homomorphisms between 
scalar generalized Verma modules associated to the parabolic subalgebras 
which are the complexifications of the minimal parabolic subalgebras of real 
reductive Lie algebras. 

In [30], elementary homomorphisms between scalar generalized Verma 
modules are introduced. They can be regarded as a generalization of homo- 
morphisms introduced by Verma and Lepowsky. 

We propose a conjecture on the classification of the homomorphisms be- 
tween scalar generalized Verma modules, which can be regarded as a gener- 
alization of the above-mentioned result of Bernstein-Gelfand-Gelfand. 

Conjecture A All the nontrivial homomorphisms between scalar gen- 
eralized Verma modules are compositions of elementary homomorphisms. 

Soergel's result ([33] Theorem 11) implies that Conjecture A is reduced 
to the integral infinitesimal character case. 

The purpose of this article is to show the conjecture is affirmative for many 
parabolic subalgebras under the assumption that the infinitesimal characters 
are regular. In order to explain our results, we introduce some notations. 
Let g be a complex reductive Lie algebra and we fix a Cartan subalgebra 
f) of g. We denote by A (resp. W) the root system (resp. the Weyl group) 
with respect to (g, f)). We fix a basis II of A. For C II, we put Oe = 
{H G f) | Va G 6 a(H) = 0} and £© = {a| ae | a G A} - {0}. We denote 
by pe the standard parabolic subalgebra corresponding to and by Iq its 
Levi subalgebra containing t). We consider the Weyl group for parabolic sub 
algebra W(Q) = {w e\ wQ = 0}. 

We call normal if any two parabolic subalgebras with the Levi part le 
are conjugate under an inner automorphism of g. If is normal, we call pe 
normal. For example, a complexified minimal parabolic subalgebras of real 
simple Lie algebras except su(p,q) (p — 1 > q > 0), so* {An + 2), C6(-i4) 
are normal. Roughly speaking, if is normal, the reflection <r 7 on oe with 
respect to 7 G £9 can be regarded as an involution of the Weyl group for 
(g, fj). A normal subset of LT is called strictly normal, if <r 7 is a Duflo 
involution of some Weyl group (see Definition 4.2.1) . If is strictly normal, 
there exists an elementary homomorphism with repect to <r 7 for each 7 G £9- 

Let pe be a complexified minimal parabolic subalgebra of a real simple 
Lie algebra and assume pe is normal but is not strictly normal. Then, pe is a 
complexified minimal parabolic subalgebra of so(2n + l — q,q) (n > q ^ 1), 
or sp(n, n) (n ^ 1). 

One of the main result of this article is the following theorem. 

Theorem B (Theorem 5.1.3) 7/0 is strictly normal, then each nontriv- 
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ial homomorphism between scalar generalized Verma modules induced from 
pe with regular integral infinitesimal character is composition of elementary 
homomorphisms. 

We also have the following result. 

Theorem C (cf. Theorem 5.1.3, Corollary 6.8.7, Proposition 6.5.2) 

If is normal and q is an exceptional Lie algebra, then each nontrivial 
homomorphism between scalar generalized Verma modules induced from pe 
with a regular integral infinitesimal character is composition of elementary 
homomorphisms. 

For Qi(n, C), we have the following result. (In fact, we have a more general 
result.) 

Theorem D (Corollary 7.3.6) Ifpe is a complexified minimal parabolic 
subalgebra of su(p,q), then each nontrivial homomorphism between scalar 
generalized Verma modules induced from pe with a regular integral infinites- 
imal character is composition of elementary homomorphisms. 

Finally, we have the following result. 

Corollary E (Theorem 5.1.3, Corollary 6.3.7) Let pe be a complex- 
ified minimal parabolic subalgebra of a real simple Lie algebra other than 
so*(4n + 2), e 6 (-i4), so(2n + 1 — q, q) (n > q > 2) , and sp(n,n) (n > 1). 
Then, each nontrivial homomorphism between scalar generalized Verma mod- 
ules induced from pe with regular integral infinitesimal character is compo- 
sition of elementary homomorphisms. 

For so*(4n + 2) and ee(-i4), we show a weaker statement holds, (cf. 8.3, 
8.4) 

This article consists of nine sections. 

We fix notations and introduce some fundamental material in §1. 

In §2, we explain how to reduce the problem to the integral infinitesimal 
character case. We also show that we can associate an element of W(Q) to a 
homomorphism between generalized Verma modules with regular infinitesi- 
mal characters. Finally we formulate the translation principle for generalized 
Verma modules, which is essentially obtained in [37], [38J. 

In §3, we introduce the notion of normal parabolic subalgebras and de- 
scribe the classification. We prove that the Bruhat ordering on W(Q) coin- 
cides with the restriction of that of W to W(Q) for each normal G. 

In §4, we introduce the notion of an elementary homomorphism and de- 
scribe related notions and results. 

In §5, we introduce the notion of strictly normal parabolic subalgebras 
and describe the classification. We also prove Theorem B. 

In §6, we consider normal but not strictly normal case. We prove that our 
conjecture is affirmative for a complexified minimal parabolic subalgebras 
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of so(2n — 1,2), and normal but strictly normal parabolic subalgebras of 
exceptional algebras in regular integral infinitesimal character case. 

In §7, We consider gl(n, C). We introduce the notion of almost normal 
parabolic subalgebras. We prove that our conjecture is affirmative for an al- 
most normal parabolic subalgebras of gl(n, C) in regular integral infinitesimal 
character case. 

In §8, we consider complexified minimal parabolic subalgebras of so*(4n+ 
2) and e 6 (-i4)- 

In §9, we treat two examples. 

§ 1. Notations and Preliminaries 

1.1 General notations 

In this article, we use the following notations and conventions. 

As usual we denote the complex number field, the real number field, the 
ring of (rational) integers, and the set of non-negative integers by C, R, Z, 
and N respectively. |N means the set { || n G N}, and \ + N means the set 
{ \ + n | n G N}. We denote by the empty set. For any (non-commutative) 
C-algebra R, "ideal" means "2-sided ideal", "i?-module" means "left R- 
module", and sometimes we denote by (resp. 1) the trivial i?-module {0} 
(resp. C). Often, we identify a (small) category and the set of its objects. 
Hereafter "dim" means the dimension as a complex vector space, and "(g)" 
(resp. Horn) means the tensor product over C (resp. the space of C-linear 
mappings), unless we specify. For a complex vector space V, we denote by 
V* the dual vector space. For a, b G C, "a ^ b" means that a, b G K and 
a < b. We denote by A — B the set theoretical difference. cardA means the 
cardinality of a set A. 

1.2 Notations for reductive Lie algebras 

Let g be a complex reductive Lie algebra, U(g) the universal enveloping 
algebra of g, and f) a Cartan subalgebra of g. We denote by A the root 
system with respect to (fl, f)). We fix some positive root system A + and 
let II be the set of simple roots. Let W be the Weyl group of the pair 
(g, fj) and let ( , ) be a non-degenerate invariant bilinear form on g. For 
w G W, we denote by £(w) the length of w as usual. We also denote the 
inner product on t)* which is induced from the above form by the same 
symbols ( , )• For a G A, we denote by s a the reflection in W with respect 
to a. We denote by w the longest element of W. For a G A, we define 
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the coroot a y by a v = as usual. We denote by A v the dual root 

system {a v \ a G A}. We call A G t)* is dominant (resp. anti-dominant), 
if (A,o; v ) is not a negative (resp. positive) integer, for each a G A + . We 
call A G f)* regular, if (A, a) 7^ 0, for each a G A. We denote by P the 
integral weight lattice, namely P = {A G f)* | (A,a v ) G Z for all a G A}. 
If A G h/ is contained in P, we call A an integral weight. We define p G P 
by P = ^E aeA+ «- Put 0a = {A G | VF G f) = a(H)X}, 

u = EaeA+ 3"' b = t) + u. Then b is a Borel subalgebra of g. We denote 
by Q the root lattice, namely Z-linear span of A. We also denote by Q + the 
linear combination of II with non- negative integral coefficients. For A G f)*, 
we denote by W\ the integral Weyl group. Namely, 

W x = {w G W | wX - A G Q}. 

We denote by A A the set of integral roots. 

A A = {a G A | (A,a v ) G Z}. 

It is well-known that W\ is the Weyl group for A A . We put A^ = A + n A A . 
This is a positive system of A A . We denote by II A the set of simple roots 
for A^ and denote by S\ (resp. S) the set of reflection corresponding to the 
elements in I1 A (resp. II). So, (W\,S\) and (W, S) are Coxeter systems. We 
denote by Q A the integral root lattice, namely Q A = ZA^ and put = NI1 A . 

Next, we fix notations for a parabolic subalgebra (which contains b). 
Hereafter, through this article we fix an arbitrary subset of II. Let (0) 
be the set of the elements of A which are written by linear combinations 
of elements of over Z. Put de = {H G f) | Va G a(H) = 0}, l = 

(e) 0"' n © — Sa6A+-(0> 0«' Pe — + ^e- Then p e is a parabolic 
subalgebra of q which contains b. Conversely, for an arbitrary parabolic 
subalgebra p D b, there exists some C II such that p = pe- We denote 
by W® the Weyl group for (I©, fj) . Wq is identified with a subgroup of W 
generated by {s a \ a G 0}. We denote by wq the longest element of Wq. 
Using the invariant non-degenerate bilinear form ( , ), we regard Oe* as a 
subspace of fr/. 

Put pe = \{p — wqp) and p e = \{p+ wqp). Then, p e G de*- 
For C II, we define "the restricted root system" as follows. 

S e = Wa e | a G A} - {0}. 

K = Wae I « £ A+} - {0}. 

Unfortunately, in general, S e does not satisfy the axioms of the root systems. 
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P++ = {A € fj* | Wa G 6 (A, a v ) G {1, 2, ...}} 
°p++ = {A G fj* | Va G (A, a v ) = 1} 

We easily have 

°P+ + = { P@ + p\pea* e }. 

For p G f)* such that p + p G Pg, + > we denote by o"e(p) the irreducible 
finite-dimensional [e-representation whose highest weight is p. Let Eq(p) be 
the representation space of cr (/x). We define a left action of ne on Eq(/j) 
by X ■ v = for all X G tie and u G E®(p). So, we regard Eq(p) as a 
[/ (pe)-module. 

For /i G Pe + ) we define a generalized Verma module Q26J) as follows. 

M e (p) = U(g) ®u(p e ) E e {p- p). 

For all A G [)*, we write M(A) = M (A). M(A) is called a Verma module. 
For p G Pe + ) Mq(p) is a quotient module of M(/i). Let be the unique 
highest weight [/(g)-module with the highest weight p — p. Namely, L(p) is a 
unique irreducible quotient of M(p). For /i G P@ + , the canonical projection 
of M(fi) to !/(//) is factored by M e (p). 

dimE e (p - p) = 1 if and only if p G °P^ + . If p G °P^ + , we call M e (p) 
a scalar generalized Verma module. 

1.3 Translation functors 

We denote by Z(g) the center of U(g). It is well-known that Z(g) acts 
on M(A) by the Harish- Chandra homomorphism x\ '■ Z(g) — > C for all A. 
Xa = Xfj. if an d only if there exists some w G W such that A = wp. We 
denote by Z\ the kernel of xx i n Z(g). Let M be a f/(g)-module and A G f)*. 
We say that M has an infinitesimal character A iff Z(g) acts on M by x\- 
We say that M has a generalized infinitesimal character A iff for any v G M 
there is some positive integer n such that Z\ n v = 0. We say M is locally 
Z(g)-finite, iff for any v G M we have dimZ(g)f < oo. We denote by 
M.zf (cf [lj) the category of Z(g)-finite [/(g)-modules. We also denote by 
_M[A] the category of [/(g)-modules with generalized infinitesimal character 
A. Then, from the Chinese remainder theorem, we have a direct sum of 
abelian categories M.zf = ®Aef)*-^M- We denote by Pa the projection 
functor from M.zf to A^[A]. For p G P, we denote by the irreducible 
finite-dimensional U (g)-module with an extreme weight p. Let p, A G f)* 
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satisfy \i — A G P. Let M be an object of «M[A]. Then, from a result of 
Kostant we have that M <S> V^_a is an object of Aizf- So, we can define a 
translation functor Tjf from M. [A] to M. \p] as follows. 

Tjf(M) = P M (M® V A ). 

T^ 1 is an exact functor. 

1.4 Submodules of scalar generalized Verma modules 

For a finitely generated U (g)-module V, we denote by Dim(V) the Gelfand- 
Kirillov dimension of V (cf. |36j). 

The following proposition is more or less known. 

Proposition 1.4.1. Let 0CI1. Then we have : 

(1) Let A G P| + - Then, for each nonzero submodule X of M®(\), we have 
Dim(X) = Dim{M e {\)) = dimn©. 

(2) Let A G °Pe + - Then, for each nonzero submodule X of M®(\), we have 
Dim(M e (X)/X) < Dim(M e {X)) = dimn e . 

(3) Let A G °Pe + - Then Me (A) has a unique irreducible submodule. 

Proof. Since Me(A) is free of finite rank as a £7(ne)-module, we have Dim(Mo(A)) = 
dim tie = dimne- A nonzero submodule X of Me(A) is torsion free as U{xiq)- 
module, so dim tie ^ Dim(X) ^ Dim(M (A)) = dim tie- So, we have (1). 
Next, let A G °Pe + - Then, the multiplicity (the Bernstein degree) (cf. |36j) 
of M e (A) is one. So, the number of the irreducible irreducible constituents of 
Me (A) which have the Gelfand -Kirillov dimension dimne is one. So, from 
(1), we have (2) and (3). □ 

§ 2. Formulation of the problem 

We retain the notation of §1. In particular, 6 is a proper subset of IT. 
2.1 Basic results of Lepowsky 

The following result is one of the fundamental results on the existence prob- 
lem of homomorphisms between scalar generalized Verma modules. 
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Theorem 2.1.1. (J2^) 
Let \i,v G °P++. 

(1) dim Hom uis) (M e (//), M e (z/)) ^ 1. 

ylny non-zero homomorphism o/Me(jt() to Me(z/) injective. 

Hence, the classification problem of homomorphisms between generalized 
Verma modules is reduce to the following problem. 

Problem 1 Let /i,^°P+ + . When is M©(/i) C M e (u) ? 

2.2 Reduction to the integral infinitesimal character 
setting 

Since the both v G Wji and v — \i G Q + are necessary conditions for Mq(ji) C 
Afe(f), we can reformulate our problem as follows. 

Problem 2 Let A G °Pe + be dominant. Let x,y G Wa be such that 
zA,yA G °P% + . When is M e (xX) C M©(yA) ? 

We fix A G °Pe + - Then, we can construct a suralgebra q' of f) such that 
the corresponding Coxeter system is (W\,Q>\). Since Q C TL\ holds, we can 
construct the corresponding parabolic subalgebra p' e of g'. For // G Pe + , 
we denote by Mq(ju) the corresponding generalized Verma module of We 
consider the category in the sense of [2] corresponding to our particular 
choice of positive root system. More precisely, we denote by O (respectively 
O') "the category 0" for q (respectively q'). We denote by 0\ (respectively, 
O'y) the full subcategory of O (respectively O') consisting of the objects 
with a generalized infinitesimal character A. Soergel's celebrated theorem 
Q33J Theorem 11) says that there is a Category equivalence between 0\ and 
0' x . Under the equivalence a Verma module M(xX) (x G W\) corresponds 
to M'(xA). From Lepowsky's generalized BGG resolutions of the general- 
ized Verma modules and their rigidity, we easily see Me(xA) corresponds 
to M' e (x\) under Soegel's category equivalence. So, we have the following 
lemma corollary of Soergel's theorem. 

Lemma 2.2.1. Let A G h* be dominant. Let x,y G W\ be such that x\,y\ G 
°Pq + . Then, the following two conditions are equivalent. 

(1) Mq(x\) C M e (y\). 

(2) M^(xX)CM' e (yX). 

This lemma tells us that we may reduce Problem 2 to the case that A is 
integral. 

We discuss another application of Soergel's theorem. We denote by $j v 
the reductive Lie algebra corresponding to the coroot system A v . We re- 
gard a Cartan subalgebra h as a Cartan subalgebra of g v . We attach V to 
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the notion with respect to g v corresponding to that of g. Then we have 
canonical isomorphism (W,S) = (W y ,S y ) of the Coxeter systems. So, we 
identify them. For C n, we put @ v = {a y | a G 0} C n v . We put 
°pv++ = {A g f)* | (A, a) = 1 (a G 0)}. For A G °Pet + , we consider a 
scalar generalized Verma module M@ V (A) of g v . The following result is an 
immediate consequence of Soergel's theorem. 

Theorem 2.2.2. Let A G P and /i G P v be dominant regular. Let x,y G 
W = W y . We assume that x\,y\ G °P^ + and x^yfi G °Pev + . Then, 
M e (x\) C M e (y\) if and only if M^v(xfx) C M^ w (yn). 

Hence, we may reduce Problem 1 for simple Lie algebras of the type C„ 
to that for simple Lie algebras of the type B n . 

2.3 Comparison of r-invariants 

We put 

W(G) = {w G W | wB = 0}. 

Then, we easily have the following lemma. 

Lemma 2.3.1. We have 

(a) W(G) = {w G W | wa y G V /or all a G 0.}. 
(fe) W(B) = {w eW \w Pe = pe,wQ C A+}. 
(cj = wwe /or a// u> G W(0). 

fc?j W(Q) preserves a e . 

( c ; w(e)c^ e , 

In this section, we prove the following proposition. 

Proposition 2.3.2. Let A G °Pe + regular. Let x G Wa be such that 
x\ G °Pe + - Moreover, we assume that M e (xA) C M e (A). TTiera, we have 

x g w(e). 

First, we prove the following lemma. 

Lemma 2.3.3. Let A G °Pe + be regular and let w G W\ be such that w\ is 
dominant. Then, we have wQ C I1 A . 

Proof. Assume that there is some a G such that wa £ U\. Then wa y £ 
H(. Here, we remark that U\ is a basis of the positive coroot system (A + ) v . 
So, there exists some (9,7 e A + such that wa y = (3 y + 7 V . Since wA 
is dominant and regular, we have (w\,f3 y ) ^ 1 and (u>A,7 v ) ^ 1. 2 ^ 
(wA,/3 v + 7 V ) = (w\,wa y ) = (A,a v ). On the other hand, A G °P^ + implies 
(A,a v ) = 1. This is a contradiction. □ 
Proof of Proposition 2. 3. 2 



9 



From Lemma 2.2.1, we may reduce the proposition to the case that A 
is integral. Put Gi = wQ and O2 = wx~ 1 Q. From Lemma 2.3.1, we have 
61 C LT and 62 C LT. Since woWe^i = —woQi holds for i = 1,2, we have 
woWeiQi Q n. We put h = Ann l /( g )(M e (A)) and J 2 = Ann C /( s )(M e (xA)). 

From [7] 4.10 Corollar, we have I\ = Aimu^ g )(M- WQ Q 1 (woWQ 1 wX)) and 
I 2 = Ann[/( g )(M_^ e 2 (woWe 2 w ^))- Since (woWq^X, a y ) < for all a G 
A + — woWe^Qi) , M wowe q. (woWq^X) is irreducible. Hence, Ii and I 2 are 
primitive ideals of the same Gelfand-Kirillov dimension. The r-invariant of 
I\ (respectively I2) is — wqQi (respectively —^062)- On the other hand, 
Me(x A) C Me (A) implies I\ C I 2 . Hence, we have I\ = I 2 . Comparing the 
r-invariants, we have — w Qi = —w Q2- Hence, wQ = 61 = 6 2 = wx~ l Q. 
This implies x G W(Q). Q.E.D. 

2.4 Translation principle for scalar generalized Verma 
modules 

Next, we consider the images of scalar generalized Verma modules under 
certain translation functors. 

For each 7 G S e , we put A 7 = {a G A + | a\ a@ = 7}. We prove: 

Lemma 2.4.1. Lei 7 G S e and let /3 G A 7 . If(p e ,/3 V ) < (resp. (p e ,/3 v ) > 
0), then there exists some f3' G A 7 such that (pe,/3' v ) = (pe,/3 v ) + 1 (resp. 
(pe,/3 ,V ) = (pe,/3 v )-i;. 

Proof. We assume that (3 G A 7 . If (p e , /3 V ) < 0. So, there exists some 5 G 
such that (5, f3 y ) < 0. this implies that /3 V + 5 y G A v . Hence there is some 
/?' G A such that /3 V + 5 V = /3 /V . This satisfies the desirable conditions. 
The remaining statement is proved in a similar way. □ 

Lemma 2.4.2. Let B C n and let fi G a e fre swc/i i/iai pe + /i is regular 
integral. Let 7 G S e be such that (p, 7) > 0. Then for each f3 G A 7 we have 
(p +p,/3) > 0. 

Proof. Put M 7 = {f3 G A 7 | (pe + p, /3 V ) < 0}. Since pe + p is regular, we 
have only to show M 7 = 0. Assuming that M 7 7^ 0, we deduce a contra- 
diction. We choose/3 G M 7 such that (pe + P,/?o) i s maximal among the 
elements of M 7 . Since (p, /3 ) = (p,7) > 0, we may apply Lemma 2.4.1. So, 
there exists some /3' G A 7 such that (pe + p, /3 /V ) = (pe + P, Pq) + 1- Since 
p e + p is integral, (p e + p, /3q) ^ -1. If (pe + P, Po) < -1, then /3' G M 7 . It 
contradicts the choice of (3o. If (pe + p, /3q ) = —1, we have (pe + p, /3 /V ) = 0. 
it contradicts our assumption pe + p is regular. □ 
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Lemma 2.4.3. Let C II and let p G a@ 6e swc/i t/iat pq + p is regular 
integral. Then p@ + p is dominant if and only if (p, 7) > for all 7 G Eg,. 

Proof. First, we assume that pe+P is dominant. We fix an arbitrary 7 G £@. 
From Lemma 2.4.1, there exists some (3 G A 7 such that (pe,/3) ^ 0. Then, 
we have (p, 7) = (p, (5) ^ (p e + p, 0) > 0. 

Next, we assume that (p, 7) > for all 7 G Eg. From 2.4.2, we see that 
(p + p, p) > for all (3 G A + — Z6. On the other hand, (p @ + p, a v ) = 1 
for all a G 0. So, pe + p is dominant. , □ 

We put £+(z/) = {7 G S e I 0,7) > 0} for z/ G a@ such that (^,7) 7^ 
for all 7 G £9. 

The following result is immediately deduced from Lemma 2.4.2. 

Lemma 2.4.4. Let C II and let p, v G o@ and w & W be such that p® + p 
is regular integral and w(pq + p) = pq + v. Then, we have w = e if and only 
z/£+(p) = £+(*,). 

We also put 

K(e) = {w g w I we c n}. 

For A G f)* which is regular integral, we put A + (A) = {« G A | (a, A) > 0} 
We consider the following condition (T) on p, v G a@. 

Condition (T) pe + p and pe + ^ is integral and There exists some 
A G a@ which satisfies the following (T1)-(T3). 

(Tl) p + A is regular integral. 

(T2) We have (p,7) ^ and (z/,7) ^ for each 7 G S+(A). 

(T3) /U — v is dominant with respect to A + (pe + A). 

We fix p, v G cIq satisfying (T). The irreducible finite-dimensional U(g)- 
module V = V v -^ with a extreme weight v — p has a filtration = V(0) C 
1/(1) C • ■ ■ C - 1) C V(k) = V of t/(p e )-submodules such that 
V(i)/V(i — 1) (1 ^ i ^ is an irreducible £7([o)-modules with the high- 
est weight pi. Then, there is some 1 ^ i ^ k such that p io = p — v and 
Pi 7^ p — v for all 1 ^ i ^ k such that i 7^ i . We also see that V(i ) /V(i — 1) 
is a one-dimensional. 

Let 2: G W be such that z(pe + A) is dominant. We put 0' = zQ, 
v' = zv&nd p' = zp. Then, from Lemma 2.3.3, we have 0' C II. Hence 
p! G a@, and z(pq + p) — pe' + p' ■ We also put p[ = zpi. Twisting by 
z, V\<^ , decompose into the direct product of irreducible le'-modules with 
highest weights p[, p' k . 

The following result is more or less easy consequence of the argument of 
the proof of [37J Proposition 8.5. 
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Lemma 2.4.5. ([SB] Lemma 4.8, [3] p21 Claim, also see [21] Lemma 1.2.2) 
We retain the above settings. Assume y G W. T/ien, y{pe'-\-v') = p^+pe'+p' 
i/ and on/y if y(pe + = Pe + 2/7 « = Co- 
wbell we regard V = V^_ M as a t/(pe)- m odule, we write it by V\ Pe . Since 

M e {pe + p)®V = U{g) ®ufy e ) (£ e (p ~ P e ) ® He) holds ' we easil y see the 
following from Lemma 2.4.5. 

Proposition 2.4.6. Let p, v G fre snc/i that they satisfy the condition (T) 
above. 

Then, we have 

r; e e +;(M e (pe + p)) = M (pe + u). 

Finally, we have the following result. 

Proposition 2.4.7. Let A G Oq 6e such that p@ + A is regular integral and 
let w G W(Q). We assume that M @ (p e + wX) C M (p e + A). Let u e a* @ 
be such that pe + v is integral and (u, 7) ^ /or each 7 G Eq(A). Then,we 
have M e (p e + wz/ ) ^ Mg(pe + 

Proof. Since 2po is integral, so is 2A. Hence for all k G N, pe + (2/c + 1)A is 
regular integral. It is easy to see p = (2k+l)X and 1/ satisfy the condition (T). 
From the translation principle, we have M e (pe + wp) C M e (pe + p). Hence, 
applying proposition 2.4.7 and the exactness of the translation functor, we 
have the desired conclusion. □ 

§ 3. Some results on Bruhat orderings 

3.1 Quasi subsystems 

Let (Wi, Si) (i = 1,2) be finite coxeter systems. We denote by £i(w) the 
length of a reduced expression of w G Wi with respect to Si. We also denote 
by the Bruhat ordering for (Wi,Si). 

Definition 3.1.1. We say that (Wi^S?) is a quasi subsystem of (Wi, Si), if 
the following (Ql) and (Q2) hold. 

(Ql) Wi is a subgroup of W\ . 

(Q2) For any reduced expression w = Si • • • of w G W 2 in (H^,^), we 
have £i(w) = ii(si) H h ii(s k ). 

The following lemma is easy. 
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Lemma 3.1.2. Assume that (W 2 , S 2 ) is a quasi subsystem of (Wi, Si). Then, 
x ^ 2 V implies x ^ y for all x, y G W 2 . 

We have the following lemma. 

Lemma 3.1.3. Assume that (W 2 , S 2 ) is a quasi subsystem of(Wi, Si). More- 
over, we assume the following condition (C). 

(C) For any x,y G W 2 and s G S 2 such that x y, £i(sy) < £i(y), and 
£i(x) < £i(sx), we have sx y. 

Then, x ^i y implies x ^ 2 y for all x, y G W 2 . 

Proof. Let x, y G W 2 be such that x y. We show x ^ 2 y by a double 
induction with respect to £ 2 (y) and £ 2 (y) — £ 2 {x). 

Obviously we may assume £ 2 {y) > 0. So, we choose some s £ S 2 such 
that £ 2 {sy) < £ 2 (y). 

First, we assume that £ 2 (sx) < £ 2 {x). We fix reduced expressions of s, 
sx, and sy in (Wi, Si) as follows. 

s = si---s k (si, s fc G Si), 
sx = ti---t h (ti, ...,t h G Si), 
sy = n---r n (ri,...,r n eSi) 

From (Q2), we easily see that s m ■ ■ ■ s^ti ■ ■ - t h and s m ■ ■ • s^i • ■ • r n are re- 
duced expressions for all 1 ^ m ^ k. Applying [TO] Theorem 1.1, we 
have s m - ■ ■ Skti - ■ - th ^i s m • • • s^ri • • • r n by the induction on m. So, we 
have sx sy. Since £ 2 (sy) < £ 2 {y), the induction hypothesis implies that 
sx ^2 sy. Again, applying [10] Theorem 1.1, we have x ^2 y- 

Next, we assume that £ 2 (sx) > £ 2 (x). From (Q2), we have £i(sx) > £i(x). 
So, we have sx ^1 y from (C). Since £ 2 (y) — £ 2 (sx) < £ 2 (y) — £ 2 (x), we have 
sx ^2 V from the induction hypothesis. Since x ^ 2 sx, we have x ^ 2 y. ■ 

3.2 G-useful roots 

In this subsection, we use the notation in §1. 

Following Knapp [20], Howlet [T5] , and Lusztig [24J, we consider useful 
roots for our purpose. 

Hereafter, we fix a subset B of II. For a G A, we put 

A(a) = {/3 G A I 3c G R /3| 0e = c«| ne }, 
A+(a) = A(a) n A+, 
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U a = C0 + Ca C fj*. 

Then (U a , A(a), ( , )) is a subroot system of (h*, A, ( , )). The set of simple 
roots for A + (a) is denoted by n(a). a\ ae = if and only if 6 = 11(a). 
For a G A + , we denote by We(a) the Weyl group of (f)*,A(a)). Clearly, 
Wq C We (a) C W. We denote by w Q the longest element of W^a). We 
put as follows. 

a a = w a WQ. 

a\ ae = if and only if o~ a — 1. If a G A is orthogonal to all the elements in 
O, then we can easily see a is 0-reduced and s a = cr a . 

Definition 3.2.1. (1) We call a G A Q-useful if the order of a a is two. 
We denote by M A e the set of the useful O-roots. We also put n A@ = 

M A© n A+. 

(2) If a| 0e 0, then 11(a) is written as SLi{a}. If a G A satisfies a\ a@ ^ 
and a = a, then we call a O-reduced. We put 

r "A+ = {a G "A+ | a is Q-reduced.} 

We easily see: 

Lemma 3.2.2. Let a G A + be Q-reduced. We denote by A(a)o be the 
irreducible component o/A(a) containing a. We put n(a)o = 11(a) D A(a)o- 

(1) If A(a)o not of the type ADE, then we have a G m, *Aq. 

f2) 7/A(a) «s o/t/ie type D 2n (n > 2), E 7; or E 8; £/ien we nave a G " r A@. 

(3) // A(a) is of the type A 2n (n ^ 1), £/ien we have a ^ m, *Aq. 

(4) We assume that A(a)o is of the type A 2n +i (n ^ 0). We number the 
elements o/II(a)o as follows. 

n(a) = ....,/3 2 n+i}- 

We choose the above numbering so that (f3i, j3^ +1 ) = — 1 /or 1 ^ i ^ 2n. 
Tnen a G ut Aq i/ and on/?/ if a = (3 n . 

(5) We assume that A(a) is of the type D 2n+1 (n ^ 2). We number the 
elements ofU(a) as follows. 

n(a) = {/?!, ....,/3 2n+1 }. 

We choose the above numbering so that (A>/^+i) = — 1 / or 1 ^ * ^ 
2n — 1 and (/3 2n _i, /3 2n+1 ) = —1 . Then a G m?, Aq i/ and only if a ^ 

{/^2n, $2ra+l}- 
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(6) We assume that A(a) is of the type E 6 . We number the elements of 
II(a)o as follows. 

n(a) = {0x, ....,#$}. 

VKe choose the above numbering so that (Pi, P^+i) = — 1 /or 1 ^ z ^ 4 
and (/3 3 , /3g) = —1 . Taen a € "^Aq z/ and on/?/ if a & {fts, (3q}. 

For a € ™Ae, we put 

V a = {Xea* e \ (A,a)=0}, 
a = a| a © e 00. 

We easily see: 
Lemma 3.2.3. Let a G ™Aq. Then, we have 

(1) a a preserves a e . 

^ cr a G VF(G). in particular, a a pe = Pe- 

(3) a a a = —a. 

(4) °~a\a* e ^ the reflection with respect to V a . 

We denote by W(Q)' the subgroup of W generated by {a a \ a G vu Aq}. 
We put "E© = {tt|n© e a* @ \ a e n A©}. "S© is a (not necessarily reduced) 
root system. We also put ru E@ = {a| ae G a e | a G ^Aq} and ™S e = 
rn SQ U — r "SQ. ™Ee is a reduced root system and ™E@" is a positive system. 
We denote by "lie the simple system for ™£q. "lie is also a basis of "Se- 
For a G vu Aq, a a depends only on a| 0Q . So, sometimes we write a a \ a for 
a a . We put 5(9) = {a 7 | 7 G u n e } 

Theorem 3.2.4. (Howlet [15] Theorem 6, Lusztig [21] §5) 

(i) w(ey c w(e). 

For a G "A©, Oa,(a e ) = o . Moreover, a a \a* e is the reflection with 
respect to a\ ae and cr a pe = pe- 

We define 1 : W(G)' ->■ G£(a e ) fry t(:r) = x| a *. Taen t zs an 
infective group homomorphism. 

(4) t(W(G)') is i/ie reflection group for the root system ™£e. Hence 
(W(Q)',S(Q)) is a Coxeter system. 

We denote by ^0 the Bruhat ordering for (W(G)',5'(G)). 
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3.3 Normal parabolic subalgebras 

Definition 3.3.1. We call C n normal, if II- C We call a stan- 

dard parabolic subalgebra pe normal, if is normal. A parabolic subalgebra 
is called normal, if it is conjugate to a normal standard parabolic subalgebra 
by an inner automorphism. 

We describe the list of the normal parabolic subalgebras of classical Lie 
algebras. 

(1) Let g = gl(n, C) (the case of g = si(n, C) is similar) and let k be a 
positive integer dividing n. We consider the following parabolic subalgebras. 

p(A„_i 5 fc) : a parabolic subalgebra of g whose Levi part is isomorphic to 

n/k 

gl(fc,C)©---©fl[(fc,C)\ 

(2) Let g be a complex simple Lie algebra of the type X n . Here, X 
means one of B, C, and D. Let k and £ be positive integers such that k 
divides n — £. If X — D, then we assume that I ^ 1. 

We consider the following parabolic subalgebras. 

p(X n> k,e) '■ a parabolic subalgebra of g whose Levi part is isomorphic to 

(n-i)/k 

gl(A;,C)©---©gl(A;,C) ®X t . 

Here, X^ means that the complex simple Lie algebra of the type Xg. 
Namely B e = so(2£ + 1,C), C n = sp(£,C), and D n = so(2£,C). X means 
the zero Lie algebra. 

From lemma 3.2.2, we easily see: 

Proposition 3.3.2. (1) p(A n _ l k ) is normal. Conversely any normal parabolic 
subalgebra of is conjugate to p{A n ^) for some k. 

(2) p(X njk> g) is normal X = D, £ = 0, and k is an odd number greater 
than 1. Any normal parabolic subalgebra is conjugate to one of such 
p(X nt k/)s by an inner automorphism. 

For exceptional simple Lie algebras, we have the following results. We 
describe 6 C II by a marked Dynkin diagram. We write "(•)" the vertices 
corresponding to elements in 0. If is the empty set, it is obviously normal. 
So, we consider ^ C II. 

Proposition 3.3.3. (1) Assume that g is of type G 2 . Then any subset of 
II is normal. 
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E6,6 



(2) Assume that q is of type F 4 . If card® = 3, 6 C II is normal. The list 
of the other nonempty normal subsets of II is as follows. 

F/1,12 

o-o^®-® 

F/l,14 

o-®^=®-o 

F/t,34 

®-® ^o-o 

(3) Assume that g is of type E 6 . Then the list of the nonempty normal 
subsets of II is as follows. 

Eg 3 

®-®-o-®-® 
® 

®-®-®-®-® 

o 

o-®-®-®-o 
® 

(4) Assume that g is of type E 7 . If cardQ = 6, C II is normal. The list 
of the other nonempty normal subsets of II is as follows. 

E7,27 

o-®-®-®-o -® 
® 

E7,67 

o-o-®-®-® -® 
® 



E6,15 
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E7,127 

o-®-®-®-o -o 
® 

E7,2467 

o-o-o-®-o -® 
® 

(5) Assume that g is of type Eg. // cardQ = 7, C II normal. The list 
of the other nonempty normal subsets of II is as follows. 

Eg 12 

®-®-®-®-® -o-o 
® 

Eg,ig 

o-®-®-®-® -®-o 
® 

Eg,3g 

o-®-®-®-o -®-® 
® 

Eg,l238 

o-®-®-®-o -o-o 
® 

We give some characterization of normality. 
Proposition 3.3.4. For 6 C II. the following conditions are equivalent. 

(1) C II is normal. 

(2) K(G) = W(G)'. 

(3) K(G) = W{Q). 

(4) M S e = S e 
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Proof. First, we assume (1) . Then, using Proposition 3.3.2 and 3.3.3, we 
obtain (2) and (4) via case- by-case analysis. (2) obviously implies (3). Next, 
we assume (3). For a G n — 0, we easily see cr^(n) C A + . Hence o~ a is 
an involution. This means that a G "A@. So, we have (1). (4) is clearly 
stronger than (1). □ 

Corollary 3.3.5. If & C II is normal, then W(Q)' = W(G). 

Since A+ n (-wA + ) = {a G A+ | cc| 0e G S+ n (-wEg)} for each w G 
W(Q), we easily see the following lemma. 

Lemma 3.3.6. We assume that C IT is normal. Then for each w G W(Q), 
we have 

A + n (-uA+) = (J {a G A + | 3c> a| ae = 07}. 

7G r "S+n(-iu™S+) 

Hence, we have the following result. 

Proposition 3.3.7. // C II is normal, then (W(0)', S(Q)) is a quasi 
subsystem of (W, S). 

As a corollary of Proposition 3.3.4, we easily have: 

Corollary 3.3.8. C II is normal if and only if any two parabolic subal- 
gebras with the Levi part [9 are conjugate under an inner automorphism of 

0- 

3.4 Comparison of Bruhat orderings 

In this subsection, we use the notation in §1. 

Definition 3.4.1. We call 6 C n seminormal, if there exists some * such 
that C * C n and u n e = {a\ ae \ a G * - 0}. 

So, S(&) = K|aG9-f}. 

C n is seminormal if and only if there is a a e II H ru /\+ such that 

«|o e = 7 f° r eac h 7 e "lie- 

We immediately see the following result from Proposition 3.3.7. 

Corollary 3.4.2. If C n is seminormal, then (W(Q)',S(Q)) is a quasi 
subsystem of (W, S). 

We fix a connected complex reductive Lie group G whose Lie algebra is 
q. For C n, we denote by Pq (resp. H) the parabolic subgroup (resp. the 
Cartan subgroup) of G corresponding to pe (resp. I)). We denote by N G (H) 
the normalizer of H in G. Since the Weyl group W is identified with the 
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quotient group N G (H)/H, for each w G W we can fix a representative in 
Ng(H). We denote the representative by the same letter "w" . 

For x G W, we put U x = P®x/P®. Namely, U x is a Pe-orbit in G/Pq 
through x/Pq G G/Pq. We denote by the closure of U x in G/Pq. If 
■U7 G W(0), then %s a ) > £(w) for all a G 6. Hence, we have 

Lemma 3.4.3. (1) For w G W(Q), we have dimU w — £{w). 

(2) For x, y G W(Q), x ^ y if and only if U x ^U y . 
Next we show, 

Lemma 3.4.4. Assume that C II is seminormal. We choose C \|> C n 
as in 3.4.I. Fix x G W(Q)'. Let a G * - fre snc/i that £(a a x) < £(x). 
Then we have U x = P eu { a }U x = Peu{a}U aaX . 

Proof. We may choose a reduced expression x = a ai ■ ■ ■ a ak such that ct\ = a. 
We consider a contraction map as follows. 

F : -Peu{ai} Xp e -Peu{a 2 } x P e ' ' ' x Pe Peu{a k }/Pe — > G/Pq. 
We easily see : 

(a) Image(P) is an irreducible Zariski closed set in G/Pq. 

(b) dimU x = £{x) = dimP eu{ai} x Pe • • • x Pe P 0U {a fc }/ P e- 

(c) U x C Image(F). 

Hence, we have U x = Image(P). So, we have the lemma immediately. □ 
The following result is the main result of this section. 

Theorem 3.4.5. Let C n be seminormal. Forx,y G W(Q)', x < y if and 
only ifx^ e y. 

Proof. We choose 6 C $ C n as in 3.4.1. From Lemma 3,1.2, Lemma 3.1.3, 
and Corollary 3.4.2, we have only to show the condition (C) in the statement 
of Lemma 3.1.3 holds for (W(Q)', S(Q)). So we choose x,y G W(Q)' and 
a£$ - such that x ^ y, £(a a y) < £(y), and £(a a x) > £{x). From x ^ y, 
we have U x C U y by Lemma 3.4.3 (2). Hence Peu{a}U x C Peu{a}^y From 
Lemma3.4.4, we have C/ y = Peu{a}^j/ an d ^ CTa a; = Peu{a}U x . So, we have 
U aa x Q U y . this means that a a x ^ y. Hence, the condition (C) holds for 0. 
Q.E.D. 
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4. Elementary homomorphisms 



4.1 Elementary homomorphisms 

We fix a subset 6 of II and a G ™Aq. We define 

g(a) = & + g/j, p©0)=g(»np©. 

^A(o) 

Then, g(a) is a reductive Lie subalgebra of g whose root system is A(a) and 
pe( a ) is a maximal parabolic subalgebra of g(a). 

We denote by w a G a@ C f)* the fundamental weight for a with respect 
to the basis 11(a) = 6 U {a}. Namely u a satisfies that (u Q , (3) = for (3 G 0, 
((3,a y ) = 1, and w a |(,nc(g(a)) = 0. Here, c(g(a)) is the center of g(ct). We 
see that there is some positive real number a such that u a = aa| ae , since 
a|f,nc( (a)) = 0. Hence, we have V a = {X e a* e \ (X,u a ) = 0}. 

Put p(ct) = | J2peA+(a) Pi ^ OT v e a 6>' we denote by C u the one- dimensional 
f/(pe(o;))-module corresponding to v. For c 6 a* e we define a generalized 
Verma module for g(a) as follows. 

M® (a) (p = C/(g(a)) ®v(p e (a)) C„_ p ( a ). 
Then, we have: 

Theorem 4.1.1. ([30]) Let v be an arbitrary element in V a , let c be either 
1 or |. Assume that MQ a \p @ — cLo a ) C Mq°^(pq + cu; a ). T/ien, we /jai>e 
Me(pe + — (c + C Me(pe + 27 + (c + n)u> a ) for all n G N. 

We call the above homomorphism of Me(pe + z/ — (c+n)w a ) into Me(pe + 
v + (c + n)w Q ) an elementary homomorphism. In [30], homomorphisms be- 
tween scalar generalized Verma modules associated with a maximal parabolic 
subalgebra are classified. So, elementary homomorphisms are understood. 

The following conjecture is propsed in [3U] as a working hypothesis. 

Conjecture 4.1.2. An arbitrary nontrivial homomorphism between scalar 
generalized Verma modules is a composition of elementary homomorphisms. 

The conjecture in the case of the Verma modules is nothing but the result 
of Bernstein-Gelfand-Gelfand ([2])- I do not know a counterexample for the 
above working hypothesis and we obtain partial affirmative results in this 
article. A weaker version is : 

Conjecture 4.1.3. Let B C n be normal and let p, v G a e be such that 
pe + p and pe + v are regular integral. If Me(pe + v) C Me(pe + p), then 
it is a composition of elementary homomorphisms. 



21 



Later, we show that the conjecture is affirmative for strictly normal case 
(see §5) and exceptional Lie algebras (see §5 and §6). 

For example, I do not know whether an homomorphism of the form 
Me(pe + o~ a ji) — Mq(pq + p) (p £ Oe) is always elementary. We have 
a weak result. 

Proposition 4.1.4. VFe fix p G a@ suc/i i/iai M e (pe + a^p) C M (p e + p) 
and pe + p is regular and integral. If {(3 G S — Ma|(j e | (p, /?) > 0} = 
{/3 G S e — Ma|a e I (^a^^) > 0}, i/ien M e (pe + cr^p) C M e (pe + p) an 
elementary homomorphism. 

Proof. Put z/ = p — (p,a y )u a . Then z/ G Vq,. Since M e (p e + cr a p) C 
M e (pe + p), we have p — a^p = 2(p, a v )u a G Q + . Hence, 2(p,a y )u a 
is integral. So, we can write (p,a v ) = c + no. Here, c is either 1 or | 
and n is a positive integer. Put k = 2(p + cr a p) Since 2pe and pe + p 
are integral, so is k. Moreover, we have k E V a and (re, 0) > for all 
/3 G S — Ma| oe such that (p, /3) > 0. From the translation principle, we 
have M @ (p e + (^o + rnn) — (c + n )w a ) C M (p e + (fo + mc) + (c + n )u; a ) 
for all m G N. Hence {a G C | M e (pe + (^o + «k) — (c + n )w a ) C M e (p e + 
(z/ + are) + (c + n )(jj a )} is Zariski dense in C. So, we can prove Me(pe + 
(z/ + are) — (c + n )c<; a ) C Me(pe + (vo + are) + (c + n )a; a ) for all a G C in 
the same way as [21] Lemma 5.4. If a G C is generic, then the integral toot 
system for (p e + (z/ +an) — (c + n Q )uj a is A(ot). Hence, Lemma 2.2.1 implies 
that M^ a \p e -(c + n )tu a ) C M^ {a \p e + (c + n )u a ). Applying [3D] Lemma 
2.2.6, we have M^ a) (p e - ao a ) C M£ (q) (p e + cw a ). □ 

4.2 G-excellent roots 

We retain the notations in 4.1. 

Definition 4.2.1. (1) We call a G ru A = 6+ 9-excellent if a a is a Duflo 
involution ([llj cf. [19J) in W(a). 

(2) We put e A+ = {a G ™A+ | a is 6-excellent}. 

(3) We put e S+ = {a\ ae E a* e \ a e e A+} and e S e = e S+ U (- e S+). 

(4) We denote by e W(Q) the subgroup of W(Q)' generated by {o~ a \ a G 

(5) For a G ™Ag, we put c a = 1 (resp. c a = |) if pe is integral (resp. not 
integral) with respect to A(a). Then, pe + (c a + n)oj a is integral with 
respect to A(a) for all n G Z. 
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We have 

Proposition 4.2.2. Let a G 6 Aq and let p G a e be such that pe + p 
is integral and (p, a) > 0. Then, we have an elementary homomorphism 
M©(p e + a a p) C M©(p + p). 

Proof. Put Vq = n — (p, a v )w a . Then z/ G V Q . Since p e + p is integral, we 
have (pe + /i, o v ) G Z. From he definition of c a , we have (pe, a y ) G c a + Z. 
Hence, we can write fi = uq + (c a + for some nGN. So, from a G e A@, 
Theorem 4.1.1, Proposition 2.4.7, and [29] Proposition 2.1.2, we have the 
proposition. □ 

For a simple Lie algebra of the type A, every involution is a Duflo invo- 
lution ([?]). hence, we have: 

Corollary 4.2.3. If g is a simple Lie algebra of the type A, we have ™Aq = 
e A+ for all QCU. 

§ 5. Strictly normal case 
5.1 Strictly normal subset of II 

Definition 5.1.1. We call C IT strictly normal, if B is normal and 6 Aq = 
™A@. A standard parabolic subalgebra pe is called strictly normal when 
is strictly normal. 

Before stating the main result, we prove the following lemma. 

Lemma 5.1.2. Let B C II be normal and let p G a@ be such that pe + p is 
integral. Then, p is integral with respect to ™Ee- 

Proof. Since pe + p is integral, we have u>(pe + p) — pe — fnu = wjj, — p G Q 
for all w G W(Q)'. Since Q fl a@ is contained in the root lattice for rtt Se, we 
have the result. □ 

The following result is the main result. 

Theorem 5.1.3. We assume that C II is strictly normal. Let p G a e be 
such that pe + p is dominant integral and regular. Let x, y G W(Q)'. Then, 
we have 

(1) M e (p e + zp) Q M (pe + 2/p) if and only if y ^ e x. 

(2) If y ^e x ! then M e (pe + ^p) ^ ^e(Pe + Vf 1 ) is a composition of 
elementary homomorphisms. 
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Proof. First, we assume that M@(p e +xp) C M@(p @ +yp). Hence, L(p e +xp) 
is an irreducible constituent of M(po + yp). From [2j, we haveM(p + xp) C 
M(pe + namely y ^ x. Hence from Theorem 3.4.5, we have y ^@ x. 

Next, we assume that y Since p is regular domimant integral 

with respect to ™£e, there exist ai, ...,a e ™AQ such that cr ai • • ■ a ak y = x, 
{yp,ctk) > 0, and (o~ ar+1 ■ ■ ■ a ak yp,a r ) > for 1 ^ r ^ k — 1. So, from 
Proposition 4.2.2, we can construct embedding M e (pe + a; A t ) Q M®(pQ + yp) 
composition of elementary homomorphisms. 

Q.E.D. 

5.2 Classification of the strictly normal parabolic sub- 
algebras 

From [30] , we can determine G-excellent roots and we can obtain the following 
result. 

Proposition 5.2.1. The following is the list of the strictly normal standard 
parabolic subalgebras of a classical Lie algebra. 

(a) p(A„_i ifc ) (k\n), 

(b) p(B n , 2k ,m) (k ^ m), 

(c) p(-B n>2fc+lim ) (k ^ m), 

(d) p{C n>2 k,m) (k < m), 

(e) p(C nt 2k+i,m) (k^m), 

(f) p{D n ^ k -i,m) (k < m, 2 ^ m), 

(g) p{D n> 2k, m ) (k > m,2 < m ), 

(h) p(D n>ljQ ). 

Next, we state the classification of strictly normal parabolic subalgebras 
for exceptional Lie algebras. It is obtained by more or less straightforward 
calculation from [30]. . 



Proposition 5.2.2. Let q be an exceptional Lie algebra. We assume 0CII 
is normal and card(n — 0) ^2. Moreover, we assume that is not strictly 
normal. Then is -F 4il4 , £7,27, or E 8;18 . 

Remark If card(n — 0) = 1, then pe is a maximal parabolic subalgebra. 
In this case, the homomorphisms between scalar generalized Verma modules 
are classified in [30]. So, we neglect them. 
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6. Normal but not strictly normal case 



6.1 General results 

We assume that q is simple and C II is normal but not strictly normal. 
We also assume p is not a maximal parabolic subalgebra, namely card(II — 
G) ^ 2. Then, we easily see from the classification that ru E is of the type 
B n . Here, n = dima . Moreover, we assume 9 is not of the type -F 414 . 
Then, e E e is the set of the long roots in ™S e . So, e £ is a root system 
of the type D„. We put "TI e = {71,72, —,7n} such that (7*, 7m) = -1 
for 1 $C i < n and (72,71) = —2. Namely, 71 is a unique short simple 
root. Put 7' = cr 7l 72. Then, {7', 72, 7n} is a basis of e S|. We put 
e S(Q) = {cry} U {a 7i I 2 ^ i ^ n} and we denote by the Bruhat ordering 
for a Coxeter system ( e W(Q), e S(Q)). We remark that the index of e W(Q) 
in W(Q)' is two and W(G)' = e W{&) U e W{Q)a lx . 

The argument of the proof of Theorem 5.1.5 is partially applicable in this 
setting and we have the following weaker result. 

Proposition 6.1.1. We retain the above setting. Let p G a@ be such that 
p + p is dominant integral and regular. 

(1) Letx,y G e W(Q) be such that y x. Then, we have M (pe + x / u) C 
M (p + V p) and M (p + :rcr 7l p) C M (p + ya^ji). Moreover, 
M e (p e + xfi) C M (p + w) and M e (p e + £cr 7l p) C M e (p + ycr 7l p) 
are compositions of elementary homomorphisms. 

(2) Let z,w G W(e)'. J/M (pe + 2//) C M (p + w/x), ^en u; < 2. 

We also have the following result. 

Proposition 6.1.2. Let p G a@ 6e such that p + p is dominant integral and 
regular. Let x,y G f W(0). T/ien, we have M e (p e + ya^fi) ^ M e (p e + xp) 
and M e (p + xp) £ M e (p e + yo lx p). 

Proof. Let wi G e W(G) be the longest element for ( e W(Q), e S(Q)). From 
proposition 4.4.1, we have M e (p + u>ip) C M e (p + xp) and M e (p e + 
l«icr 71 p) C M (p e + ycr 71 p). 

We assume that n is even. Then, w± is the longest element for (W(Q)', S(Q)). 
So, M (p + u>ip) is irreducible from [37] Proposition 8.5. Since 71 ^ 
e E , we have M (pe + u>ip) ^ M e (p + Wi<r 7l p) from Proposition 4.1.4 
and wi<t 71 = a 71 Wi. We assume that M (pe + u>ip) C M e (p + ya 7l p). 
The Bernstein degree of a scalar generalized Verma module is one, it con- 
tains only one irreducible constituent of the maximal Gelfand-Kirillov di- 
mension. So, from Proposition 1.4.1 M (p + u>i<7 7l p) C M (p + ycr 7l p) 
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implies that M e (pe + C M (pe + Wia^/i). So, we have a contradic- 
tion. Hence, M e (p e + ^ip) ^ -^e(pe + 2/°" 7l p). Since M e (p e + iwip) C 
Me(pe + ^p), we have Me(pe + ^p) ^ Mq(pq + ycr 7l p). Next, we assume 
that Me(pe + ycr 7l p) C Me(pe + xp). Me(pe + u>ip) is the unique ir- 
reducible constituent of Me(pe + a?p) of the maximal Gelfand-Kirillov di- 
mension from Proposition 1.4.1 and M (pe + u>ip) ^ M e (pe + ycr 71 p). 
So, we have M (pe + tuip) C M (pe + xp)/M e (pe + ycr 71 p). On the 
other hand, Dim(Me(pe + xp)/Me(pe + ycr 7l p)) < Dim(Me(pe + wifJ>)) 
from Proposition 1.4.1. So, we have a contradiction. This means that 

M (pe + 2/cr 7l p) £ M e(pe + zp)- 

If we n is odd, then u>i<7 71 is the longest element for (W(0)', S'(O)). The 
proof of the proposition in this case is more or less similar to that for the 
case that n is even. So, we omit proving the proposition in this case. □ 

6.2 £>2 case 

Next, we consider the case of n — 2. We fix p e a@ such that pe + p is regular 
dominant integral. In this case, e H / (0) = {e, <r 72 , <Ty, cr 72 <7y } = Z/2ZxZ/2Z. 
Since <r 72 cry an d o" 72 ^9 cry hold, Proposition 6.1.1 and Proposition 6.1.2 
are insufficient to determine whether M9(pg + ayp) C Me(pe + °" 72 p) or 
not. However, as a corollary of Proposition 6.1.1 and Proposition 6.1.2, we 
easily have the following result. 

Corollary 6.2.1. Let 1,1/6 W(Q)' such that x 7^ y and (x,y) 7^ (cry,cr 72 ). 
Then, we have 

(1) M e (p e +xp) C M®(p®+yp) if and only if (x,y) appears in the following 
list. 

(cr 72 ,e), (cry,e), (cr 72 cry,e), (cr 72 cry , cry), ((7 72 cry , ct 72 ), (<7 72 cr 71 , cr 71 ), 
(cV^H' °7i)> (cr 72 crycr 71 ,cr 71 ), (o^oya^, oy(x 7l ), (cr^a^cr^, a J2 a 71 ). 

(2) If Mq(pq+x{i) C Me(pe + yp), then it is a composition of elementary 
homomorphisms. 

6.3 B n) i jn _2 

We fix notation as follows. Let n ^ 3. Let g be a simple Lie algebra of the 
type B n . We can choose an orthonormal basis e 1 , e n of h* such that 

A = {±e,i ± Cj I 1 ^ % < j ^ n} U {±ej | 1 ^ % ^ n}. 
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We choose a positive system as follows. 

A + = {e; ± ej I 1 ^ i < j < n} U {ei | 1 < % ^ n}. 

If we put a>i = &i — ei + i (1 ^ % < n) and a n = e n , then II = {a±, a n }. 
We put 6 = II — {ai, a 2 }- 

o-o-®-® ® ^® 

Then, we have a* e = {sei + te 2 \ s,t G C} and p© = E^s 2m ~ 2 2i+1 ei. We put 
7i = «2|a© = e 2 , 72 = CKjJflQ = ei — e 2 , and 7' = cr 7l 7 2 = ei + e 2 . Then, these 
notations are compatible with those in 6.2 and 6.3. 

we put u = |ei + |e 2 Then, p© + ^0 is integral and (^0,7) ^ for all 
7 G ££. We put /ii = |ei + |e 2 , p 2 = |ei - |e 2 , P3 = -| e i + 2" e 2' anc ^ 

/i4 = — 2 e l — 2 e 2- 

First, we have the following results by a straightforward computation. 
(Note: p + cx 72 z/ = §ei + |e 2 + 2m ~ 2t+1 e^ p + cr 72 <7 7l z/ = -fei + 

2 e 2 + Z^i=3 2 e * — Pe + ^72^0 — Ci.J 

Lemma 6.3.1. 

{pe + o- 72 z/ ± ei I 1 ^ k < n} n P| + n W(p e + a 72 z/ ) = {p e + (T 72 a 7l z/ }. 

Let ^ be a natural representation of g. Namely, is an irreducible 
representation of V with a highest weight ei. The, the set of the weights of 
V is {±ej I 1 ^ k ^ n} U {0}. We also easily have the following result. 

Lemma 6.3.2. There exists a sequence of pQ-submodules of V 

{0} = V C Vi c V 2 c ■ • • C K 2n+1 = V 
which satisfies the following conditions (a)-(e). 

(a) Vi/Vi-i is a one- dimensional pQ-module such that n© acts on it trivially 
for each 1 ^ % ^ In + 1 . 

(b) We denote by Aj the highest weight ofVi/V^i as an {^-module. Then 
\ = ei for 1 $C i ^ n, A n+ i = 0, and Aj = — e 2n +2-i for n + 2 ^ % ^ 
2n + 1. 

Lemma 6.3.3. (%) Me(pe + P3) irreducible. 

(2) M©(p© + P4) irreducible. 

Proof. (1) can be proved by Janzten's irreducibility condition ([18] Satz 3). 
(2) follows from [37] Proposition 8.5. □ 
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Lemma 6.3.4. 

M (p e + crya^uo) M e (p + a 12 v ). 

Proof. We assume that M (p e + 0y 071^0) 5= ^e(Pe + 072^0) an d deduce a 
contradiction. 

From Lemma 2.4.6 and the exactness of a translation functor, we have 

M©(p© + p 2 ) C M©(p© + Mi)- 

From Proposition 4.2.2, we have M©(p© + ^3) Q Mq(pq + p 2 ). So, we have 
M©(p© + P3) C Me(pe + pi). From Proposition 4.2.2, we have Me(pe + 
p 4 ) C M e (p e + pi)- Hence M©(p© + Pi) has at least two distinct irreducible 
submodules. It contradicts Proposition 1.4.1 (3). □ 

Lemma 6.3.5. 

M e (p e + cryu ) M e (p + o" 72 ^o)- 

Proof. Assuming Me(pe + oy^o) ^ M©(p© + o" 72 z/ ), we deduce a contra- 
diction. Put X = P pq+V0 {Mq{pq + oyi/ ) ® V) and F = P pe+i , (M©(p© + 
a" 72 z/ ) <8> V). Hence, we have X C F. 

We remark that <7 72 <7 7l i/o — (T 72 z/o = —e\. So, from Lemma 6.3.1 and 
Lemma 6.3.2, we see that there is a submodule Y\ C F such that Fi = 
Me(pe + 0-73^0) and F/Fi = Me(pe + cr 72 cr 7l i/o). On the other hand, 
o" 7 /o" 7l z/ — ayz/ = ei. and it is the highest weight of the natural repre- 
sentation V. So, there is an embedding 

1 : M e (pe + 0ycr 71 i/o) ^ ^ ^ F. 
Considering composition with the canonical projection 

(T 72 (7 71 f J, 

we obtain a homomorphism 

g o t : M (p e + ay<7 71 i/ ) ->■ M (p e + <7 72 <7 71 i/ )- 

We assume that got = 0. Then, we have M©(p© + ayer 71 i/ ) C F x . How- 
ever, Lemma 6.3.4 implies that it is a zero map. So, we have go t ^ 0. 
From Theorem 2.1.1 (2), we have Me(pe + oyo^z/o) C Me(pe + cr 72 cr 7l i/o). 
From Proposition 2.4.6 and the exactness of the translation functors, we have 
M©(p© + p 2 ) C M©(p© + P3). However, in our proof of Lemma 6.3.4, we see 
M©(p© + P3) Q Mq(pq + p 2 ). So, we obtained a contradiction. □ 
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Proposition 6.3.6. Let p G a@ 6e such that pe + P is dominant integral and 
regular. 

M @ (p@ + o-yfi) M (p e + c 72 p)- 

Proof. We assume that Me(p e +°y p) Q M e (p e +a r2 p). From the translation 
principle, we have M e (pe + oyp ) C M e (pe + < J y 2 P e )- Since p @ — z/ is 
dominant integral, we have Me(pe + oyi'o) ^ ^e(Pe + ^^o) from Lemma 
2.4.7. It contradicts Lemma 6.3.5. □ 

Corollary 6.3.7. Let A,p G o@ fre snc/j t/iat pe + P and pe + X is integral and 
regular and Me(pe + p) ^ ^e(pe + A). T/ien, Me(pe + p) C Me(pe + A) 
is a composition of some elementary homomorphisms. 



6.4 E 7)2 7 and E 8) i 8 

We fix notation as follows. 

First, we consider E 7i27 . Let g be a simple Lie algebra of the type E 7 . 
We fix an orthonormal basis ei,...,e 8 in M 8 . We identify f)* with {v G 

R s | (v, ei - e 2 ) = 0} so that 

A = {±(ei + e 2 )} U {ie* ± ej | 3 ^ i < j ^ 8} 

£j = ±1 is for 3 < i < 8 and Yl^ =3 £ i = 1- 



U |±i ^ ei + e2 + ^ eiei j 



We choose a positive system as follows. 
\+ = {(ei + e 2 )} U {a ± e, | 3 ^ i < j ^ 8} 

8 



U < - I ei + e 2 



i=3 



= ±1 for 3 ^ i ^ 8 and [J^U e * = L 



Put ctj = ej +2 — ej + 3 for 1 ^ i ^ 5, a$ = e 7 + eg, and a 7 = |(ei + e 2 — 
e 3 — e 4 — e 5 — e 6 — e 7 — eg). Then, IT = {a±, a 7 } is the set of simple roots 
inA+. 



1-2-3-4-6-7 
5 

We consider the standard parabolic subalgebra of the type E 7j27 . Namely, we 
put 6 = LT — {a 2 , a 7 }. Then, we have a@ = {sex + se 2 + te 3 + te 4 \ s, t G C} 
and p e = |e 3 - |e 4 + 3e 5 + 2e 6 + e 7 . We put 71 = a 2 | ae = \e z + |e 4 , 



29 



72 = tt7|o© = |ei + \e 2 - \e z - |e 4 , and 7' = o" 7l 7 2 = \e x + ie 2 + \e z + \e±. 
Then, these notations are compatible with those in 6.2 and 6.3. we put 
vq = fei + §e 2 - |e 3 - |e 4 Then, p e + ^0 = fei + |e 2 - e 4 + 3e 5 + 2e 6 + e 7 is 
integral and p — (pe + z/ ) = 7ei + 7e 2 + 5e3 + 3e 4 + 3e 5 + 2e6 + e 7 is dominant 
integral. We put pi = |ei + |e 2 + |e 3 + |e 4 , p 2 = |ei + |e 2 - |e 3 - |e 4 , 
A*3 = -\e\ - ±e 2 + ±e 3 + |e 4 , /i 4 = -\e x - \e 2 - §e 3 - |e 4 . 

Next, we consider the case of E 8jl8 . Let q be a simple Lie algebra of the 
type E 7 . We fix an orthonormal basis ex, eg in h* such that 



A = {±e; ± ej I 1 ^ % < j ^ 8} 

8 



£i = ±lfor 1 ^ i ^ 8 and flLi Ei = —I. 



We choose a positive system as follows. 



A + = {ei ± ej I 1 ^ % < j ^ 8} 



U < ^ ( ei + e^i 



i=2 



Ei = ±1 is for 2 ^ i ^ 8 and n^=2 e « = — 1- 



Put ctj = ej + i — ej +2 for 1 ^ i ^ 6, a 7 = e 7 + eg, and ecg = |(ei — e 2 — 
e 3 — e 4 — e 5 — e 6 — e 7 — e 8 ). Then, IT = {a±, a 8 } is the set of simple roots 
in A+. 

1-2-3-4-5-7-8 



We consider the standard parabolic subalgebra of the type E 818 . Namely, 
we put = LT — {ai,a$}. Then, we have a @ = {sex + te 2 | s,t G C} and 
Pe = 5e 3 + 4e 4 + 3e 5 + 2e 6 + e 7 . We put 71 = a 8 | 0e = e x - e 2 , 7 2 = 
OL\\a B = e 2 , and 7' = <r 7l 7 2 = e\. Then, these notations are compatible with 
those in 6.2 and 6.3. we put Uq = lex + e 2 . It is dominant with respect to 
Eg. Then, p + v> Q = 2ei + e 2 + 5e 3 + 4e 4 + 3e 5 + 2e 6 + e 7 is integral and 
p — (p e + uq) — 21e 1 + 5e 2 is dominant integral. We put pi = ei, p 2 = — e 2 , 
A*3 = e 2 , p 4 = -e x . 

Hereafter, we assume that g is of either the type E 7 or E 8 . We treat these 
case at the same time. 

First, we have the following results by a straightforward computation. 

Lemma 6.4.1. 

{p + + (3 I (3 e A U {0}} n P++ n W{ P e + <x 72 z/ ) 



{pe + (T 72 z/ ,pe + cx 72 c 7l 
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We also have the following result. 
Lemma 6.4.2. We regard g as an adjoint representation. 

(1) There exists a sequence of pe-submodules of q 

{0} = V c V x c v 2 c • • • c V k = g 

and a sequence of roots 0i, 0^ G A which satisfies the following con- 
ditions (a) -(e). 

(a) Vi/Vi-i is an irreducible p®-module such that ne acts on it trivially 
for each 1 ^ % ^ k. 

(b) As a le-module, Vi/Vi-i has a highest weight for each 1 ^ % ^ k. 

(c) Pi is the highest root e\ + e 2 . 

(d) (3k is the lowest root —e\ — e 2 . 

(e) There exist some 1 < hi < h 2 < k such that (3^ = Ph 2 — and 
Pi 7^ for all i ^ h\.h 2 - 

(2) V\, V hl /V hl -i, V h2 /V h2 -i, Vk/Vk-i are all one- dimensional. 

Proof. The existence of V\, V& satisfying (a)-(d) is proved by a standard 
argument. For H G f), [teHn, H] = if and only if if G ae- Since dim ae = 2, 
Vi, Vk satisfies (e) also. From ±(ei + e 2 ), G a®, we easily have (2). □ 

Lemma 6.4.3. (1) Af e (Pe + P3) irreducible. 

(2) Mq(pq + p 4 ) is irreducible. 

Proof. (1) can be proved by Janzten's irreducibility condition ( [15] Satz 3). 
(2) follows from [37] Proposition 8.5. □ 

Lemma 6.4.4. 

M Q (p e + OyO- 7l Z/ ) £ M e (p e + (T 72 Z/ ). 

Proof. We assume that M e (p e + cycy^o) Q ^e(Pe + 072 ^0) an d deduce a 
contradiction. 

From Lemma 2.4.6 and the exactness of a translation functor, we have 

M©(p© + p 2 ) CMeipe + px). 

From Proposition 4.2.2, we have M©(p e + pz) Q Mg(pe + 1^2) • So, we have 
M e (pe + /X3) C M©(p e + pi). From Proposition 4.2.2, we have M©(p© + 
p 4 ) C Me(pe + pi). Hence Me(pe + Pi) has at least two distinct irreducible 
submodules. It contradicts Proposition 1.4.1 (3). □ 
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Lemma 6.4.5. 

M e (p e + ayv ) M (p e + cr^vo)- 

Proof. Assuming M e (pe + oy^o) ^ ^e(pe + cy^o), we deduce a contra- 
diction. Put X = P Pe+!/0 (Me(pe + oy^o) ® 0) and Y = P pe+l/Q (M©(p e + 
o~ l2 i>o) <S> s)- Hence, we have X CY. 

We remark that o^ 2 o 1x vq — o~ r2 i>o = —e\ — e 2 . So, from Lemma 6.4.1 and 
Lemma 6.4.2, we see that there is a sequence of submodules Y\ C Y 2 C V 
such that y = r 2 /F! = M e (p e + <7 72 i/ ) and Y/Y 2 ^ M e (p + <y 2 <y^o)- 
On the other hand, oy<7 7l i/ — tfy^o = ei + e 2 . and it is the highest weight 
of the adjoint representation 0. So, there is an embedding 

l : Me(pe + oyoy^o) Cicy. 
Considering composition with the canonical projection 

<7 72 <T 71 Z/oJ, 

we obtain a homomorphism 

qo l: M (p e + <7y<7 7l i/ ) ->■ M (p e + oyoy^o)- 

We assume that q o 1 — 0. Then, we have M e (pe + oyoy^o) C F 2 - Again 
we consider the composition M e (pe + oyoyfo) C F 2 — > Y2/Y1 — Mq(pq + 
o" 72 z/ ). However, Lemma 6.4.4 implies that it is a zero map. So, we have 
ay<7 7l i/o) ^ ^1 — Mq(pq + cr 72 fo). It contradicts Lemma 6.3.4, So, 
we have got ^ 0. From Theorem 2.1.1 (2), we have Me(pe + oyoyi'o) ^ 
Me(pe + o" 72 o" 7l z/o)- From Proposition 2.4.6 and the exactness of the transla- 
tion functors, we have M e (pe + P2) ^ M e (p® + A^)- However, in our proof 
of Lemma 6.4.4, we see M e (pe + P3) Q M e (p e + p 2 ). So, we obtained a 
contradiction. □ 

Proposition 6.4.6. Let p E a@ fre suc/i t/iat pe + P dominant integral and 
regular. 

M e (p e + o- 7 ' p) ^ M e (p e + o" 72 p)- 

Proof. We assume that Me(pe+ayp) C Me(pe+oyp)- From the translation 
principle, we have M e (pe + oyp ) C M (pe + (x 72 p e ). Since p e — z/ is 
dominant integral, we have M e (pe + <7yi/ ) C Me(p e + ay^o) from Lemma 
2.4.7. It contradicts Lemma 6.4.5. □ 

Corollary 6.4.7. Let A,p G o@ fre snc/j t/iat pe + P and Pe + A is integral and 
regular and Me(pe + p) 5= Mq(pq + A). Then, Me(pe + p) C Me(pe + A) 
is a composition of some elementary homomorphisms. 
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6.5 F 4; i4 

We consider the root system A for a simple Lie algebra q of the type F 4 . 
(For example, see [21] p691.) We can choose an orthonormal basis e x , ...,e± 
of P)* such that 

A = {±ei ± ej | 1 ^ i < j < 4} U {±e; | 1 ^ i ^ 4} U |^(± e i ± e 2 ± e 3 ± e 4 ) 
We choose a positive system as follows. 

A + = {ei ± ej | 1 < i < j «C 4} U {e; | 1 < i < 4} U jj(ei ± e 2 ± e 3 ± e 4 )| . 

Put ct\ = |(ei — e 2 — e 3 — e 4 ), a 2 = e 4 , a 3 = e 3 — e 4 , and a 4 = e 2 — e 3 . Then, 
n = {«i, ...,a 4 }. 

1 - 2 3 - 4 

We consider the standard parabolic subalgebra of the type F 4ii4 . Namely, 
we put 6 = II — {«i,a 4 }. Then, we have Oq = {sei + te 2 \ s,t G C} and 
Pe = |e 3 - 7?e 4 . We put 71 = ai| Qe = \e x - \e 2 , 72 = a 4 \ ae = e 2 . In this 
setting, nr E e is of the type B 2 . On e S e = and e W{Q) = {e}. We put 
Pi = |ei + |e 2 , p 2 = |ei - |e 2 , p 3 = -\e x + ~e 2 , p\ = -|ei - |e 2 . From 
Janzten's irreducibility criterion, we can show the following result. 

Lemma 6.5.1. Me(pe + Pi) is irreducible for each 1 ^ i ^ 4. 

Finally, we prove the following result. 

Proposition 6.5.2. Le£ A, z/ G a@ 6e suc/i £/&a£ pe + A and pe + ^ are regular 
integral and X^v. Then M@(pq + v) ^ Mq(pq + A). 

Proof. We assume that M e (p e + z/ ) ^ ^e(Pe + A). From Proposition 2.3.2, 
there exists some a; G W(0) such that i> = xX. We easy to see there is 
unique 1 ^ i ^ 4 (resp. 1 ^ ? ^ 4) such that A and //j (resp. xX and p,,) 
satisfy the condition (T) in 2.4. From proposition 2.4.7, we have Me(pe + 
Pi) Q Mq(p@ + pi). From Lemma 6.5.1, we have % = j. Then, we may 
apply Proposition 4.1.4 and M e (p e + v) C M e (pe + A)is an elementary 
homomorphism. However, it contradicts e £e =0. □ 

§ 7. Type A case 
7.1 Some notations 

In this section, we assume that g = gl(n, C). Let f) be the Cartan subalgebra 
of consisting of the diagonal matrices and let b be the Borel subalgebra of 
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g consisting of the upper triangular matrices. We choose A + corresponding 
to b. Then we can choose an orthonormal basis e 1: e n of \f such that 

A + = {d - ej | 1 ^ i < j ^ n, i ^ j}. 

If we put ai = ti — e i+ i (1 ^ i < n) , then II = {a±, a n -i}. We 
identify the Weyl group W with the n-th symmetric group & n via aei = 

7.2 Almost normal parabolic subalgebras 

We fix 6 C n. Put O = {P G 6 | wP = P (w G W(G))} and put 
Q 1 = - O . We put $ 6o = A n a* eo and $£ o = A+ n o@ . Then, $ 0O is 
a sub root system of A and $q is a positive system of $e - We denote by 
n[0 o ] the basis of $@ o . We easy to see that 6i C II [0 O ]. We call 6 almost 
normal (resp. almost seminormal) if ©x is normal (resp. seminormal) as a 
subset of n[6 ]. 

Let 1 ^ si < S2 < ■ ■ ■ < Sfc-i < n be such that II — = {a Sl , a Sfe 
We put so = and Sk = n. We also put rii = Sj — Sj_i for 1 ^ i ^ k. Then, 
we easily see 

le = 0[(rai,C)©---efll(n fc ,C). (*) 
For a positive integer g, we put m q = card{i | 1 ^ i ^ k, = q}. We 
enumerate {q \ m q ^ 0} = {qi, so that g = 1 < ■ • • < q u . Since an 

element of W(Q) induces a permutation of the direct summand of (*), we 
have W(Q) = & mqi x • • • x & mqu - From Proposition 3.3.2 (1), we easily see : 

Proposition 7.2.1. © is almost normal if and only if there is some positive 
integer p such that m q ^ 1 for all q^ p. In this case, we have W{Q) = & mp - 

Let 1 ^ s[ < s' 2 < • • • < 4-i < n be such that IT — 6 = {ay^ ■■■i a s' m _ 1 }- 
We define Pi, ....,/3 m _i G A + as follows. 

_ (a s , ^ if s[ + 1 = s^ +1 or = n - 1 

[ j=s' a j otherwise 

Then, we have n[0 o ] = {Pi, Pm-i}- &e is clearly a root system of the type 
A m _i. We put S^Oo] = •5 / 3 m _ 1 } and denote by W^[9o] the subgroup of 

W generated by .SfGo]- W^[@o] is the Weyl group for the root system $e . We 
denote by ^[e ] the Bruhat ordering for the Coxeter system (W[0 O ], S'fOo]). 
Since q = Qi(n, C), we easily see W(Q) C W[0 O ]. From Theorem 3.4.5, we 
have: 

Lemma 7.2.2. We assume that 6 is almost seminormal. Then, for x,y G 
W(Q), x <[e ] y if and only if x < V- 
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7.3 Comparison of Bruhat order ings 

First, we recall a famous description of the Bruhat ordering of a type A Weyl 
group. For a positive integer n, We put [n] = {1, n}. Let S be a nonempty 
subset of [n] and let M. s be the set of the functions of S to K. We denote by 
&(S) the group consisting of the bijection of S to S. Then, &(S) acts on M. s 
as follows. 

rf(s) = f(r-\s)) (fER S ,TE&(S)). 
We enumerate the elements of S as follows. 

S = {£ 1} ..l h } £!<■■■< 4- 

We put SV = {^i, ...,£ r } for 1 ^ r ^ /i. &(S) is regarded as a Coxeter group 
with the set of generators consisting of the transposition of £; and £j_|_i for 
1 ^ % < r. We denote by ^ the Bruhat ordering of &(S). 

For / G M 5 , we choose r G ©(5 1 ) such that rf satisfies r/(s) ^ i~f(t) for 
all s,t E S such that s ^ £. Since rf depends only on /, we write /* for rf. 
Let /i, / 2 G IR 5 . We write h < f 2 if < / 2 *(s) for all s G 5. We write 

/i</ 2 if/ik ^/ 2 |5 r for aUl<r</i. 

The following lemma is easy. 

Lemma 7.3.1. Lei S be a nonempty subset of [n] and let fi, f 2 G M.^ be 
such that fi\[ n ]- S = MnJ-S- Then, f x < f 2 if and only if fi\ s < f 2 \s- 

The following characterization of the Bruhat ordering is well-known (for 
example, see [IB]). 

Proposition 7.3.2. We fix a strictly decreasing function /o G IR 5 . .For 
x,y E &(S), we have x V if and only ifyfo < x/o 

We prove the following result. 

Proposition 7.3.3. Let w E W be such that w~ l P E A + for all (3 E $@ o . 
For any x,y E W[Q ], xw ^ yw if and only if x ^[e ] 2/- 

Proof. We put 5 C = {i E [n] \ cti E Oo or otj_i G Oo} and S — [n] — S c . 
If we identify with i for 1 ^ i ^ n, we have an identification of 
with & n . Then, W[Bo] is identified with &{S). We fix a strictly monotone 
decreasing function / G M.^ and x,y E W[T ]. Hence xw ^ yw if and only if 
ywfo < xwfo- Since x,y E &(S), ywfo\s^ = xu>/b|s c - So, we have that,from 
7.3.1, ^ if and only if ywfo\s < xw/o|s- Since w/o|s is also strictly 
monotone decreasing, using Proposition 7.3.2, we have the proposition. □ 
From Lemma 7.2.2 and Proposition 7.3.3, we immediately have: 
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Corollary 7.3.4. Let C II be almost seminormal and let w £ W be such 
that w' 1 ^ G A + for all (3 G $@ . Then, for x,y G W(0), < yw if and 
only ifx^eV- 

Remark The corresponding statement to Proposition 7.3.4 is not neces- 
sarily correct for a general reductive Lie algebra g. A counterexample is as 
follows. 

®-o-o 

o 

For the type A Weyl group, each involution is a Duflo involution. So, 
G-useful root is always G-excellent. So, we obtain he following result from 
Corollary 7.3.4 in a similar way to the proof of Theorem 5.1.3. 

Theorem 7.3.5. Let 6 C II be almost normal. 

(1) Let fi G a @ be such that pe + A* ^ s regular integral and (//, 7) > 
/or a// T/ien, for x,y G W(0) we /iawe x y and only if 
M e {pe + w) Q M e (p e + x/i). 

(2) Any nonzero homomorphism between scaler generalized Verma modules 
for with a regular integral infinitesimal character is a composition of 
elementary homomorphisms. 

We consider some special cases. 

Corollary 7.3.6. Let p + q = n and let C be such that pe is a complexified 
minimal parabolic subalgebra of a real form u(p,q) ofgl(n.C). Then, nonzero 
homomorphism between scaler generalized Verma modules for with a regu- 
lar integral infinitesimal character is a composition of elementary homomor- 
phisms. 

Let n be a positive integer such that 2 ^ n 5. Then, we easily see that 
any parabolic subalgebra of Qi(n, C) is almost normal. 

Corollary 7.3.7. Let 2 ^ n ^ 5 and let g = gl(n.C). Then, nonzero homo- 
morphism between scaler generalized Verma modules with a regular integral 
infinitesimal character is a composition of elementary homomorphisms. 

7.4 An example in g[(6,C) 
Let = £jl(6,C). 

Then we can choose an orthonormal basis ei,...,e 6 of h* as in 7.1. So, 
II = {ai, ...,a 5 }, where oti = t\ — ej+i. We write (abcdfg) for ae± + be2 + 
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ce 3 + cfe 4 + fe 5 + ge 6 . We put p = (654321) = 6ei + 5e 2 + 4e 3 + 3e 4 + 2e 5 + e 6 . 
Put = {«!, a 5 }. 

o-o-o-o-® 

Then [ = gl(2, C) © gl(l, C) © gl(l, C) © gl(2, C) and is not almost semi- 
normal. For this 0, two Bruhat orderings ^ and ^ are not compatible. 
A counterexample is given as follows. Let x G W and y G W be such that 
xp = (653421) and yp = (214365). Then x,y G W(0), x ^ y, and x ^ y- 
The following result means that this example does not produce a counterex- 
ample to Conjecture 4.1.2. 

Proposition 7.4.1. M e (yp) M e (xp). 

Proof. We assume that M @ {yp) C M e {xp). Namely, M e ((214365)) C M©((653421)). 
Let V be a natural representation of g and V* its contragradient. Then the 
set of weights of A 2 V* is {— — ej | 1 ^ % < j ^ 6}. We consider a 
translation functor T^^^(M) = ^(543421) (M © A 2 V*). We easily see that 
W ■ (543421) n {(653421) - e t - | 1 ^ % < j <: 6} = {(543421)} and 
W ■ (214354) n {(214365) - a - e 5 | 1 ^ % < j ^ 6} = {(214354)}. Hence, we 
have T ( ( 6 5 ^ 1 1 ) ) (M e (653421)) = M e ((543421)) and T^$(M e (2 14365)) = 
M e ((2 14354)). The exactness of the translation functors implies : 

M©((214354)) C M©((543421)). 

Applying T^™™i) > we have 

M e ((2 14343)) C M©( (433421)) 

in a similar way. Next we apply T^twi) an d ^(434332) successively, we finally 
have: 

M e ((434343)) C M ( (433443)) 

. However, it is impossible since (433443) — (434343) = e 3 + e 4 is not a sum 
of negative roots. □ 



§ 8. Class one setting 
8.1 Background 

Let g be a complex simple Lie algebra. Let Qq be a real form of g. We 
choose \) as a complexification of a maximally split Cartan subalgebra of go- 
We choose b and C n such that p is the complexification of a minimal 
parabolic subalgebra of go- If de is Iwasawa's a (namely real split torus with 
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respect to go)) we can easily see that is normal from the classification. In 
this case, W(Q) coincides with the little Weyl group of the restricted root 
system. However, if g is not quasi-split and ae is not a real split torus, then 
is not normal. If go = su(p,q), we have Corollary 7.3.6. So, we consider 
the remaining two cases so* (in + 2) and e 6 (_i 4 ). 

8.2 General setting 

At first, we consider rather general situation. Let g be a complex simple Lie 
algebra and let r be an outer automorphism preserving f) and b. Such an 
automorphism comes from a symmetry of the Dynkin diagram corresponding 
to II. We assume the order of r is two. We also denote by r the induced 
automorphism of A, W, and J>*. We put T f) = {X G f) | r{X) = X}, T W = 
{w G W | t(w) = w}, T A = {a|r(, | a G A}, and T A+ = {a\^ \ a G A+}. 
For a G A, we denote by £ a the longest element of a parabolic subgroup 
W{ a)T ( a )}. Namely, we have 

if a = r(a), 
if (a, r(a)) = 0, 
if (a,r(a) v ) = -1. 

Put T S = {xi a \ a ell} and r II = {a\r^ \ a G II}. The following result is 
known. 

Proposition 8.2.1. ([33], [32] ) 

(1) For a G A ; £ a \ T f) ^ s the reflection with respect to a\r^. 

(2) ( T W, T S) is a Coxeter system. 

(3) T W can be regarded as a reflection group for a root system T A. 

We denote by ^ T the Bruhat ordering for ( T W, T S). As before, we denote 
by for the Bruhat ordering for W. We quote: 

Theorem 8.2.2. Q32J) Let x, y G T W . Then x ^ y if and only if x ^ r y. 

We fix 9 C ff such that r(0) = 0. We denote by T = {a\^ \ a G 0}. 
We put r a e = a e n r f) and T W{ T Q) — \w G T W | w T B = T 0}. We put 

r ^e = {P\ r ae I P e r A + } - {0}. 

Applying Theorem 3.4.5 and Theorem 8.2.2, we obtain the following result 
in a similar way to Theorem 5.1.3. 

Corollary 8.2.3. We assume that the following conditions (a)-(c). 
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(a) T 6 is a normal subset of T H. 

(b) As a subgroup ofW, W(Q) coincides with T W( T Q). 

( c ) W(G) = e W(&). (In particular, W(G) = W(G)' holds.) 

We fix some \i G t 0q such that p® + \i is regular integral and (^,7) > for 
all 7 G t Sq. Then, for all x, y G W(Q), x V if an d only if x y. 

8.3 so*(4m + 2) 

Let g be a complex simple Lie algebra of the type Z^m+i (n ^ 2). Then we 
can choose an orthonormal basis ei, e 2m+ i of t)* such that 

A = {±ej ± ej I 1 ^ i < j < 2m + 1}. 
We choose a positive system as follows. 

A + = {ei ± I 1 ^ % < j ^ 2m + 1}. 
If we put cti = ei - e i+ i (1 ^ i ^ 2m) and a 2m +i = e 2m + e 2m +i, then 

n = {«!, ...,a 2 m+l}- 

Let C n be such that pe is a complexified minimal parabolic subalgebra 
of 50*(4m + 2). Namely, 6 = {a 2 i-i | 1 ^ i ^ m}. 

®-o-® ®- o-®-o 

o 

We choose r so that it induces an automorphism of A described as follows. 

, v Je* (l<i<2m) 
V ; \- ei (i = 2m+l). 

We identify T f)* with {Y^i=i a i e i I a i>---> a 2m. G C} C fj*. Hence, we have 
T G C TI is of the type B 2m 2 (cf. 3.3). In particular, the condition (a) in 
Corollary 8.2.3 holds in this case. We easily see that T a@ = {Y^Li Oi(e 2 j_i + 
e 2 i) I Oj G C (1 ^ % ^ m)}. We also see that T W( T Q) is a Weyl group of the 
type B m generated by {s e2i _ 1 _ e2l+1 s e2i _ e2i+2 | 1 ^ % ^ m - 1} U {s e2m _ 1+e2m }. 
On the other hand, we see that ™Aq = 6 Aq = {e 2 j — e 2 j +1 | 1 ^ % ^ 
m — 1} U {e 2i _! + e 2i | 1 ^ i ^ m}. We also see : 

°"e2i-e2 i+ i = S e2i-i-e2i + i S e2i-e 2 i + 2 (1 ^ 2 ^ m — 1), 
<J e 2 i-i+e 2i — S e 2i -i+e 2l (1 ^ 2 ^ m). 

So, we have (b) and (c) in Corollary 8.2.3. Hence, we can apply Corollary 
8.2.3 in this case. Moreover, W(Q) can be identified with the little Weyl 
group for the restricted root system of the real form $j = so* (4m + 2). 
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8 -4 e 6j (_i4) 

We consider the root system A for a simple Lie algebra q of the type Eq. 
Put k = We can choose an orthonormal basis ei, e 6 of \f such that 

A = {d - ej | 1 < i, j < 6,i 7^ j} 



U- 



± S( K + E, 5) 



£j = ±1 for 1 ^ % ^ 6, card{i |e = l,l^i^6} = 3 



U <^ ±2k ^ e i 



We choose a positive system as follows. 
A+ = {ei - ej | 1 ^ % < j < 6} 

£j = ±1 for 1 < i < 6, card{? |e = l,l^i^6} = 3 

6 



U {§HC> 



u 



2«E 



Put ati = ei- e i+1 (1 < « < 5) and a 6 = ^ 3 =1 (k - \) + £^ =4 (/c + §) e*. 
Then, IT = {«!, a 6 }. We put (3 = 2k, Y^=i e i- 



1-2-3-4-5 



6 

Let C n be such that pe is a complexified minimal parabolic subalgebra 
of e 6)( _i4). Namely, = {a 2 ,a 3 ,a 4 }. 

o-®-®-®-o 

o 

We choose r so that it induces an automorphism of A described as follows. 
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a>7-i ei. 



i=i 



Then, we have r(ai) = a%^i for 1 ^ i ^ 5 and r(a 6 ) = a 6 . We identify T P)* 
with {X^=i(( Q 4 + a i) e i + (°4 - aj)e 7 _j) | ai, ...,a 4 G C} C ()*. In fact, T f) is 
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the complexification of " Iwasawa's a" (i.e. the real split part of the center 
of a Levi part of a minimal parabolic sualgebra) for a real form c e ( 2 ) of q. 
Hence, r A is restricted root system for e 6 (2) and it is of the type F 4 . We see 
that r 6 C r n is of the type F414 (cf. 3.3). In particular, the condition (a) in 
Corollary 8.2.3 holds in this case. 

We easily see that T a@ = {a(ei — e 6 ) + b(3) | a, b G C}. We also see that 
T W( T Q) is a Weyl group of the type B 2 . On the other hand, we see that 
™Aq = 6 Aq = {ei — e^, (3,aQ, s e= i- e6 aQ} and ru Se is a root system of the 
type B 2 . Hence W(Q)' = e W(Q) is the Weyl group of the type B 2 . So, 
we have (c) in Corollary 8.2.3. From [15], we see W(Q) = W(G)'. Well 
immediately see r(7) = 7 for 7 G tu Aq. So, we easily have <t 7 G T W . Hence 
W(Q) C T H/. Since r6 = 9, we have W(9) C T H/( r 6). The both W(Q) 
and r iy( T 6) are of order eight. Hence W(Q) coincides with T W( T Q). So, 
we have (b) in Corollary 8.2.3. Hence, we can apply Corollary 8.2.3 in this 
case. Moreover, W(Q) can be identified with the little Weyl group for the 
restricted root system of the real form q = C6,(-i4)- 



§ 9. Other examples 

9.1 A typical example of W(G)' C W(G) 

Let g be a complex simple Lie algebra of the type Dim (n ^ 2). Then we 
can choose an orthonormal basis ei, e 2 m of ()* such that 

A = {±ei ± tj I 1 < i < j < 2m}. 

We choose a positive system as follows. 

A + = {ei ± e 3 - I 1 ^ % < j ^ 2m}. 

If we put a>i = ei — e i+ i (1 ^ i < 2m) and a 2m = e 2m _i + e 2m , then 
n = {«i, ...,a 2m }. 

In 9.1, we put 6 = {a x , ...,a 2m _ 2 }. 

®-® ®-®-o 

o 

Then, we have a© = {s(ei + • • • + e 2m _i) + te 2m | s,t G C} and pe = 

E2m— 1/ -\ 
i=i (m-i)ei. 

In this case, ™A+ = 0, W(Q)' = {e}, and W{Q) = {e,w e w } (cf. [T5]). 
We have w@Wq(pq + /i) = pe — /x for all p G a@. We put pi = |(ei + • • • + 
e2m-i) + |e 2m and p 2 = -|(ei H h e 2m _i) + |e 2m . 

From Jantzen's irreducibility criterion, we have the following lemma. 
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Lemma 9.1.1. Me(p© + £ Pi) irreducible for each 1 ^ i ^ 2 and eac/j 



Finally, we have the following result. 

Proposition 9.1.2. Let u E a e be such that pe + u is regular integral. Then 
we have Me(pe _ v) <£. Me(pe + v ). 

Proof. We assume that Me(p e — v) C M e (pe + ^). We easy to see that there 
exists some % G {1,2} and e G {1, —1} such that (epi,^) ^ for each 7 G 
£@(z/). Applying Proposition 2.4.7, we have Me(pe — £Pi) ^ A^e(pe + £Pi)- 
However, it contradicts Lemma 9.1.1. □ 

9.2 Subregular cases for B n 

Let q be a simple Lie algebra of type B n . We choose an ortho normal basis 
ei, e n of f)* as in 6.3. We also use the notation of the root system in 6.3. 
We fix K« and put = {ctfc}. 



If 2 ^ i ^ n — 2, then we put 7 = ek-i — ek+2- If k — n — 1, we put 



Then, we have e A e = {±ej±ej \ l^i<j^n, i ^ k,i ^ k+l,j 7^ k,j 7^ 
£; + l}U{±e; | 1 ^ i ^ n, i 7^ /c, i 7^ A; + 1} and ru A© = e A e U {±(ei + e i+1 )}. 
f W(0) is a Weyl group of the type B n _ 2 - We put 



and denote by ^ e the Bruhat ordering for the Coxeter system ( e W(Q), e S). 
We can prove the following result in a similar way as Theorem 7.3.5. 

Proposition 9.2.1. Let p G a@ be such that p e + p is regular integral and 
{/J, (3) > for all /3 G e S+. Then, for x,y G e W{Q), M e (p© + xp) C 
M e (pe + yp) if and only if y ^ e x. 

We remark that l¥(0) is the direct product of f W(0) and {e, s efe+efc+1 }. 
We have the following result. 

Proposition 9.2.2. Let p G a e be such that p@ + p is regular integral and 
(p,(3) > for all (3 G Then for x , y e e W (B) , we have M e (p e +xp) <£ 

M e (pe + ys ek+ek+1 p) and M e (p© + ys ek+ek+1 p) M©(p e + xp). 



e e {!,-!}■ 



k-l 



o o-®-o 0^0 



7 = e„_ 2 - 




42 



Sketch of a proof We denote by Wi the longest element of e W(Q). Let 
V\ (resp. V 2 ) be the unique irreducible submodule of M e (pe + u>is efc+efc+1 p) 
(resp. Me(pe + wi/j,)). From Proposition 1.4.1, V\ (resp. V2) is a unique 
irreducible constituent of Me(pe + u>is e ,.+ efc+1 p) (resp. Me(pe + ^ip)) of the 
maximal Gelfand-Kirillov dimension. Applying translation functors succes- 
sively, we obtain M e (-e fc+ i) from M e (p @ + u?is efc+efc+1 p). If we apply the 
same translation functors, we also obtain Me(efc) from Me(pe+^ip)- We can 
show that Me(-efc + i) and Me(efc) are irreducible from Jantzen's irreducibil- 
ity criterion. So, applying the same translation functors as above, we obtain 
Mq>(— efc+i) (resp. Me(efc)) from Vi (resp. V2). This means that Vi ^ V2. 
From 9.2.1, we have Vi C M (pe + U s e k +e k+1 ^) and V 2 C M (pe + x/i) for 
any x,y £ e W(Q). So, from Vi ^ V 2 and Proposition 1.4.1 (3), we have the 
proposition. □ 

Corollary 9.2.3. Let p, v e o@ fre sfic/i £/ia£ pe + P <™<^ Pe + ^ are reg- 
■u/ar integral. We assume that Me(pe + p) ^ Me(pe + Then, it is a 
composition of elementary homomorphisms. 

Together with Corollary 6.3.7, we have: 

Corollary 9.2.4. VKe assume that q is a complex simple Lie algebra of the 
type B 3 . Then, any homomorphism between scalar generalized Verma mod- 
ules with a regular integral infinitesimal characteris a composition of elemen- 
tary homomorphisms. 
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